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By Clifford S. Gerdner and James A. LaKatte, Jr.
STUMMARY

The horizontal and vertical corponents of the induced
velocity in froat of an ireciiaed prcpeller 1a a horizontal
stream were obtalncd by a rametic-analogy rethod. The
problem was formulateéd in tervs of tre linear theory »f
the ecceleration notertlial of ar lnecn»nressible nouvlsesus
fluid, The propeller was sssumed to be an actuatnr dlsik.
The horizountal coriorent of the induced velocity was found
by a numerical calsuletlon. umerical calculatlon of the
verticel comoonent, rLowever, was ot practizcable; tiere-
fore the vertical crmronent was ootained from electrical
measurenents by uss of the analogy between the accelera-
tion »potsntial of an incompressiktle nonviscous fluld and
the notential of a megretlic field,

An alternative formulatlon of the protlem in terms
of the trelling-vortex sheet 1s show: to be sguivaleat to
the accelerstion-poter.tial formulation 1f the thrust coef=-
ficlent 18 assumed so swTall that ths sllinstream is not
daflected and undergoes no contrectior. PFProm the rasults
presantad, lnduced velocltles of greater accuracy are
shown to be obtalnable from a wmocdification of the vortex
theory based on the assumtlon of a constant finite dewn-
wash angle of the slipstream.

INTRODUCTION

The recent development of airplane designs with
pusher-propeller lnstallations has occasloned several
i1nquiries regarding the nature of the flow in front of
an inclined proneller and the corresnonding aerodynaric
effects on the wing. Because of the difficulty of the
calculations, little effort has heretofore been made to

—
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compute the flow. 3ome experimental work, however, has
been dons in connection with tlie problem of the 1lift
increment on the wing (fo1 exanxnprle, references 1 and 2).
Purther development of the theory 1ls consldered desirebls
to> sc¢rve as a baslas for cnrrelation of these and similar
Catu.

Tre nurnose of the viresent paner 1s to glve detalled
theoretical data on the induced velocltles 1n frout of an
irclined propeller. O©Cnly the components important to the
problem have been osbtalned; namely, tiie component parallel
to the free-stream directlon and the component normal to
the free stream and in a vertlcal plane, which willl be
Gdesignated horizontal and vertical cowponents, respec-
tively. The dstermineation of these components is based
on the llnear theory nf the acceleration potential of an
incoinpressible nonviscous fluld, and the propeller 1s
usaur.ed to be an actuator dlsk. Becavse the theory 1ls
valld only for small nerturktatlons, the results, which
are presented 1n cdlmensioaless form lndevendent of the
thrust coefficient, are wvalid only if used for propellers
operating at low thrust cnefflcients.

The horlzontal component nf the incuced veloclty was
determined by numerical corputation. The compututlon of
this compHinent was precticable becausc of certuin simplli-
fications due t> symmetry. Nunerical calculatlon of the
vertical compoasnt, however. ls excesslvely laborious and
time-consuning: conseyuently,bhe vertical component was
obtained frowm electrical meawsurerients by use oI thwe
unalngzvy between the ucceleratlion mntentlal of an incom-
pressible nonvliscous fluld aund She portential of a magnetic
rield,

An alternative formulation »f the proolem 1In terms
of the tralling-vortex shees 13 shown to be equlvulent to
the acceleration-potential Clormuiatinn If the thrust coef-
flcient 13 assumec so small thas tle slipatreas 1s not
deflected and undergoes no contractisn. From the results
pressented, 1nduced velocltles of greater accuracy are
shown to be obtainable from a modificatlon of the vortex
theory based on the assumption of a constunt finite down-
wash angle of the sllpstream.



NACA ARR No. L6A05Db 3

X, ¥, 2
v

u, v, w

Ko X A

13

ul, vl' w!

D!

xl’ yl’ z!

Hx, H'y'j HZ

SYMBOLS

local static préssure

stagickpressure at downstrean: face of propeller
8

air density

tilme

rectenzular coordinates (fig. 1)
free-stream veloclty

comnonents of perturbatisn velocity in X-, Y-,
ané Z-directions, respectively

electric crrrant, c¢.;8 electromuazgnetic units

radlus of proneller

¢larster of pronsller

(—==)
\ PVEDS,

u v W
Clmenslionless velocities
N (VTG’ VIe' VT’
respectively) '

thrust of pro»neller

thrust cosefficlent

J

dimenslonless pressure
\ pV‘?-T

(x/R, ¥/R, 2/%,

dimensionless coordinates
respectlvely)

megnstlic scalar potential,
netlic units

cgs electromag-~

components of magnetlc-field 'strength,
electronagnetic units

cgs

experiventally measured voltage, volts



L NACA ARR No. LAAO5b

i ratio of w' to anslogous measured voltage E

vl angle »f Ilnclinatlon of prowvsller Gisk to Z-axls,
cegrecs

€ assurred conatant downwash angle of sllpstream,
radlians

N mass rute or flcw ucross propeller disk

Suhscripta:

2 in ultimate wake

1l at downstream face »f propellsr disk

THEORY 0% THE METHOD

Linear theorr of tne acceleratinn potintlal.- The
muler equasions For che flow oI 4p incompressiole non-
viscous fluld ray be wrltten in the following Torm:

D(V+u) _ ip )

¢ Dt ¢x '
, OV _ 0p ‘
P ST 3y f (1)

v _ ep
P Dt oz

These equations are In gevnerzl nonlinesr ln the velo-
citles. Tne equctions ray be :irade linear I1f the components
of the perturbatlon veloclcy &re assumed to be small com-
pared with the free-stream velocity. (See reference 3.)

If tnls agsumption 1s valld and If terms of the second
order are neglected,

(v +u) _Du._ ,¢tu
Dt Dt 3%
Dv _ . Ov )
Dt \ Ax P (2}
-?-‘E::Vb_.'i
It dx
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By virtue of equations (2), equations (1) become

du _ Op
pv 3z = 3 (3a)
PV 6_V = _Q-E (3b)
ox 0y
oW dp
V —— = o
i Ox dz (3e)

If equations (3) are differentiated successlvely
with respect to x, y, and 2z and are added, the result
1s

_vzpzpv-—b—. éﬂ.,.éx.béﬂ\:o (,'I')
0X \Ox 9oy 0z/

Magnetic analogy.- Since by equation (L) p satlsfies
Laplace's equation, and slnce the scalar potential of a
magnetlc fleld also satlsfles Laplace's equation, 1t
follows that for similar boundary conditions p 1s
directly anulogous to the scalar potential of a magnetlc
field. Thils fact 1s the theoretlical basls of the magnetic
analogy of the present paper.

For low thrust coefficients the three boundary condl-
tlons for the pressure p 1in the problem of the actuator
disk are:

(1) The pressure has some constant value -P3 unl-
formly over the upstream face of the dlsk and a value pj
uniformly over the downstream face.

(2) The pressure has no singularitles other than tine
Jump discontinuity at the disk.

(3) At great distances from the disk, the pressure
13 uniform and without loss of generallty may be assumed
to be zero,

For the magnetiec potential the first condition 1s sat-
1sfled by using as the source of the magnetic field a
circular wire loop carrying a current. The use of thils
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current-carrying loo» actually ensures the approprlate
behavior ol the mesgnetic fleld at the dlsk asince the
magnetic notentlial of such a loop has the value =271
uniformly over one face of the loop und the value 21T
over the other face - 1f cgs electromagnetic units are .
used (reference li). The second condition is satisfiled if
no other magnetic fields and no magnetlic materials are in
the nelghborhood of the loop. The third condition 1s
satlisfied sautomatlcally, since the magnetlc potentlial of
the loop avprosaches zero at great distances from the loop.

Basls of determination of horizontal velocit¥¥- If
equation (5a) 1s Integrated with respect to x, 12 result
1s

pPVu = -p (5)

Tnasmvuch as the dimensionless veloclty u' and the dimen-
eionless pressure ©v' are deflned by

11

u! T —
VT,
and
'pl = __E._
PVET,
equation (5) becomes
u'! = -p! (6)

The value of the cdlmenslonless oressure ‘p! at the Jdnwn-
stream face of the dlsk i1s

Py
p,' =
L PVET
- 01
= YW
ol B ) =) ]
ovaz2 |

2
= = (7)
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Since thls boundary value 1s a universal numerical con-
stant, the values of the dimensionless velocities
throughout space, which are determined by the boundery _
values of p', are zlso universal numerlcal constants.
By means of the dimensionless coefficlents u', v!', w!,
and p!', therefore, the problem is stated in a non-
dimensional form that is independent of all relevant
varlables such as the dilsk radius, density, thrust, and
free-streem veloclty.

In accordance with the magnetic analogy, the magnetic
potential 1s directly analogous to the pressure p'; that
1s,

! = kg (8)

where @ 1s the magnetic potential meesured at a point
of which the dimenslonless coordinates x!', y', and 2!
are the same as the dimenslicnless coordilnates of the
polnt where pt' 18 messured, and whare k 13 sone con-
stant of ororortionallty that Jerends on the dimenslons
of the electromagnetic system. The value of p!' andg,
hence, u' was thus obtained by calculating @ and
mult Lnlyinc by the constant k; which may be determrined
by comparing the value of p' at the disk, which by
equation (7) is 2/m, with the value of @ at the disk,
which 1s 2ﬂI. Tke cslculation of Jf was effected by
numerical irntegretion of a formila #iven by Smythe
(reference 5) for the magnetic field of a circuler loop.

The notential § and, consequsntly, the horizontal
veloclty u'! at any nolint cdepsnd only on the posltion of
thls polnt relative to the dlsk; thus, the results for u!
at poslitlione glven in terms of coordinates fixed in the
disk are the same for all angles of Inclianation. Beccuse
of rotatlonal symmetry, moreover, the values of u! at
corresponding points in any two planes through the axls
of the disk are the same. It was thus necessary to
calculate u' over only one axlal plane.

The linear theory of the present paper gives values

of ut' = V%— that are valid for low thrust coefficients;

c .
that 1s, the results for u' are essentlally the derlva-
tives of uw/V with respect to T, at T, = 0. The

momentum theory of the propeller (reference 6) glves the
inflow veloclty at the disk as
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-V 8T ‘>
u = 5(:\1 +— -1

The value of u' gt the disk shouvld therelfcre be

g
{5
a1,

T =0

ut

[
Qir

a value that checlzs exectly with the value given bty the
iinear thscry of the nresent paper (equations (6) and (7)).

Besls of determination of vertical velsclty.- IT

equaticn (%c) is integrated witin respect to X, from _o
to X, the result 1s

pVw = - fx

. ()

-
8
s by
§

If equatinn (9) is dlvided by pVaTc and if dimensionless
coordlnates are Introcuced, the result 1s

' p)
w' =..’I ‘.'..ph'_d_x' (10)

' cz!

In accordance with the mugnetic analogzy, if ejuation (&)
1s used, equation (10) tecomes

X!
W'-‘-‘--‘/ kﬂdxv

J o YA

nx ..
-Qﬁ éx (11)

0z

i
~
—

D =D

But since @ 1s the potential of a magnetic fiseld,
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of

- = H
0z 2

where H; 1s the z-comovonent of the magnetic-field

strength. Equation (1l1l) now becomes

X
w'=kf H, ax (12)

-0

In order to find the value of w' at a point (x!', y:, zt)
1t 1s therefnre sufficlent to measure the integral
of H, along a path parallel to the X-axls, extending

from minus infinlty to the point (x, y, z).

An alternating magnetlc fleld in air induces in a
cnll of wire a voltaze prooortional to the total flux
linking the coll, which in turn i1s proportional to the
integral over the fuce of the conil of the normal compo-
nent nf the magnetlic-Tield strength. The voltage lnduced
in a long narrow search coll iz proportional to the sur-
face integral of the normal fleld over the area of this
coll; since the coll 1s narrow and, consequently, the
fleld strength 1s almost constant across the width of
the coill, this surface integral 1ls pronortional to the
line 1lntegral along the length of the coil. The line
integral in equation (12), therefore, is proportional to
the voltage Incduced 1n & long narrow search coll, the
plane of which 1s perpendicular to ths Z-axis, which
¢xlends parallel to the X-axis from the point (-w, ¥, 2z)
t:z the voint (x, y, 2), as shown in figure 2.

Since the magnetic field dies out repldly with distance,
a search coll of onractlical length actually suffices to
obtain accurately enough the infinite integral.

Thus the following equation holds:
w! = KE (13)
where E 1s & measured voltage proportional to the

voltage induced 1n the search coll and K 1is a constant
of proportionallity to be determined by calibration.
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APPARATUS AND METHODS

Fleld coll.- A field cc’l of 6L turns of Brown
and Sharpe No. 18 copper wire wound on a circular wooden
form was used to slmulate the actuuator disk. The mean
radius of the coll was 12 Inches and the cross section
was a square 0.875 inch by 0.875 inch. The coil was
supported by pilvots about its horizontal dlameter in
such a way that 1ts angle of incllination to the Z-axls
could be varled and the support could be moved up and
down. The arrangement 1s shown 1in figure 2.

Search coll.- As previously explained, a long narrow
search coll was used to perform the integration of the
magnetic-field strength indicated in equation (12). The
search coll was made up of 110 turns of Brown and Sharpe
No. O copper wire wound lengthwise on a glass rod
72 inches by 0.225 inch by 1.2 inches. The coll rested
on Iuclte supports at the two ends. The supports were
scrlbed with cross-halr llnes to ald 1n setting the posl-
tion of the coll and were suprlied wlth levellng screws
so that the face of the coll could be turned exactly 90°
to the flux belng measured. The voltage developed in the
search coil was fed through a filter eliminating 60-cycle
plckup to an electronic voltmeter by which the voltage
was measured.

Power suvply.- Current was supplied to the field
coll Trom a motor-generator set delivering 5.0 amperes
at 390 cycles per second. The Ward-Leonard speed control
system was used so that the frequency and output voltage
could be adjusted by rheostutvs. The output voltage was
contlnuously adjusted to maintain through the field coil
a constant current of 5.0 amperes, as measured on a
standard high-frequency ammeter. The output of the
generator was connected in parallel with the input of a
cathode-ray oscilloscope, and a 60-cycle line voltage was
connected across the sweep clrcult. The resulting
Lissajous pattern was held statlonary by continuous
adjustment of the frequency control rheostat; thus the
frequency of the current was malntalned constant at
390 cycles per second. The arrangement 1s shown in
figure 3.

Test procedure.- In order to measure the lntegral
in equetlon (12) at the point (x, y, z) when the Aisk
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w3 ineclined to the Z-axls by an angle a, the fleld

coll was set so that 1ts center was a distance z below

a horlizcntal table; then it was set at the angle a with
a protractor and the search coll was placed on the table
parallel to the X-axis with one end at the point (x, ¥, 2z)
and the other end away from the field coil. The arrange-
ment 1s shown in figure 2. For each setting of a and 2z,
readings of the voltage were made at the 170 vertices of

a4 rectangular grié 6l inches by L0 inches that was made

up 2f lines parallel to the X-axls and the Y-axls spaced
at intervals of L inches. The arrangement 1s shown in
figure 1.

Zero helsnht adjustment.- In order to locate the

Leight of Thie Tield coil corresponding to a value

of 2z =0, a was set at 0° and the helight of the fleld
coil was then adjusted for zero voltage in the search
coll. The voltage in the search coll 1s zero when a
anéd o are zero2, s8> that the ssarch coil i1s on a plane
shrough the axis nf the fleld coll, since the component
of tho magnetlic fleld normal to such a plane 1ls zero.

Leveling: adfustment for the search coil.- The com-
nonent  H, of tie magnetic Ii1eld 1s symustric about the
hZ-nlane Ffor ali values of a; consequently if the
search coll actually measures the comoonent Hp; of the
rmasnetic Tleld, the voltage readings should be the sane
for two mnositions of the search coill in which the values
»f x and z are the same &and in which the values of ¥y
have equal magnltudes but opposite signs. If, however,
the saarch coll 1s not level so that the ccocmponent Hy

u#lso contributes to the induced voltaze, the voltage
readings wlill not be the same at symnetric polints since Hy

has nonoslte slgns at symmetric polnts. When the com-
ponent Hy 1s strongz, the error in the voltage reading
may be large 1f the search coll is not level; hence at
each setting of a and 2z the coll was leveled by
acjusting the levellng screws until the readlngs were the
sar.e for a nalr of syma:etrlc positlons. Because of some
uneveneas of the table top on which the search coil
rested, the readings were not exactly the same for other
pairs of syrmmetrlc positions; hence average values were
used for the data ut other positions.

Celibration of the magnetlc analogy apparatus.- In
order toO calculate w' Irom the voltage readlings by use
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of equation (13) determination of the value of the con-
stant X was neceasary. Thlis value was obtained by
calibrating the apparatus; that is, by comparing values
of E mesasured at a serles of callbration points with
values of w!' calculated for those points. The values
of w' were calculeted from equation (12) by use of an
electromagnetic formula (reference 5). The method 1is
similar to the method previously discussed by which the
horlzontal veloclty wu' was calculated.

The values of w! were calculated for wvalues of a=90°
and 2 = 0 at a serles of points along the X-sxis. A
conmparlson of calculated values of w' and mesasured
values of E 1s glven In table I to show how the call-
bration constant K was obtalned.

) Accuracy.- In order to estimate the accuracy of the
experiment, values of w' wore computed &t several
points for a value of a = (°‘ and were compared with the
corrsspondlng experimental values. The experlmental
values were found tn be low, some oy as much as 8 percent.
This inaccuraecy in the data can be attributed to errors
1n the measurement of distances and sngles and to the
fact that the searclh coll used was of finite length. The
error due to the finite length of the ssarch coll could
be calculated by means of the assumption that at great
distances from the field coll the magnetic fleld could be
approximated by the field of a magnetlc dlpols. This
error was found to amount to less than 5 percent at great
distances from the fleld coll, -where the magnetlc field
falls off slowly with distance. 1In generul, about half
nf the error may be attributed to the finite length of
the search coll and the other half, tc inaccuracles in
measuring distances and angles.

The error of the calibration readings (table I) may
be seen to be less than the 8 percent error mentioned
previously. This greater precision 1s probably due to
the fact that for values of a =90° and z = 0 the
voltage reading 1s insensltive to simall errors in the
alinement of the fleld and search colls because the
magnetlc field 1s symmetric about the origlin and 1s a
maximum relative to both o and z.
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RESULTS -

-

The horizontal veloclty fleld of the actuator disk

1s presented in figure ), as a map of contours of constant

dimensionless horizontal veloclity wu' in a plane through

the axls of symmetry of the disk. The horlizontal veloclty
at any point for any value of a 1s then the same as the

horizontal veloclty at the corresponding polint that is in

thls plane of symmetry and has the same posltion l1n terms

of coordinates filxed in the actuator dilsk.

The vertlcal veloclty field of the actuator disk 1s
presented 1n figures 5 to 9 as a series of maps of contours
of constant dimensionless vertical veloclty w! for five
different values of a at nine vertical sections that
are parallel to the free stream and spaced at intervals
of 1/3 radius from values of y =0 to y = 22 radii.

7
In order to plot each contour map, averagses of the voltage
readings on the two sides of the XZ-pnlans were used. On
each sectlion the contours of constant velocity are drawn
throughout a rectangular area extending horizontally
% radll unstream from the actuator disit and vertically
1 radius above and below the center of the dlsk. The
nine sections on which contour maps are drawn are labeled
a to 1 from the plane of symmetry outwsrds, as shown
in figure 1.

VORTEX TREATMENT OF ACTUATOR-DISK PRO3LEM

Equivalence at low thrust cosfflcients of vortex and
acceleration-potential formulations of actuator-disk
problem.- 1t 18 Shown in reference | Llal there 1s &SSo-
clated with an actuator disk at low thrust coefficilernt a
cylindrical sheet of circular vortex rings, which leave
the dlsk and travel cownstream in the free-stream direction.
This vortex pattern is approximated by a propeller
operating at low thrust coefficlent and rotutlional speeds
high in comparison with the free-stream veloclty and
having blades along which the bound vortex strength ls
uniform. Because the bound vortex strength is unliform,
tralling vortices leave the blades only at the tips and
at the center of the propeller. The tip vortices travel
downstream in hellical paths and the vortices from the
propeller center travel downstream in a stralght line.
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At any instant the density of the bound vortices and of
the tralling vortices from the prooeller center is neg-
ligible compared with the density of the helical vortices,
since the denslity of these tip vortices 1s proportional
to the high speed of the blade tips. The velocity fleld
of the propeller 1s therefore the induced veloclty fileld
of the infinite cylindrical vortex sheet shed from the
blede tips. Since the rotational veloclty is high, the
pitch of a helical vortex 1s small and the sheet can
therefore be considered to consist of an infinite con-
tinuous row of circular vortex lines,

It may also be shown that the induced velocity field
of a propeller operating at low rotational speed and low
thrust coefflclent and having an infinlte number of bludes
along which the bound vortex strength is uniform 1s the
same outside the slipstream as the velocity field of an
actuator disk. The vortex pattern of such a propeller
may be consldered to consist of a system of vortex rings
to which must be added anothner vortex system composed of
the radial bound vortices together with astraight tralling
vortices from the propeller center and from the blade
tips. The indvced veloclty fleld of the system of rings
1s the sane as that of &n actuator disk. The 1lnduced
veloclty fileld of the remaining vortex system, however,
may be shown to be zero outslde the sllpstream. The
rotational 1nduced veloclty is zero because of rotational
symmetry and the fact that the total circulation around
a closed path exterior to the slipstream is zero (since
the total included vorticity is zero). The radlal end
axlal components are zero, since only the radial bound
vortex elsments in the plane of the disk could contrlibute
to such components and the contributlon of these elements
vanlshes because of symmetry.

The wveloclty fleld of an actuator disk may be cal-
culated by lntegrating the effect of the iInflnite row of
circular vortex lines. Since the velocity 1nduced by a
vortex llne is directly analogous t> the magnetic fleld
of a currsnt fillament, the 1nduced veloclty of the infinlte
vortex sheet 1s analogous to the integral of the magnetic
field of an Infinlite row of circulsar current filaments.
This integral, in which the polnt at which the fleld 1s
evaluated is flxed and the posltlion of the source 1s
varlable, evidently has the same value as a related
integral of the magnetlic field at a variable point due
to a fixed source. The related integral, however, &as
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has been shown nreviously, glves the induced veloclty
according to the acceleratlion-potential formulation of

the problem. Under the. assumptlon- of .small: perturbations,
the alternative treatment of the problem of the actuator
Clsk using the tralling vortex sheet, which may be con-
sldered to be the treatment iIn terms of the veloclty
potentlal, ylelds the same results as the treatment in
terms of the. acceleration potentilal.

kodification of vortex shset fommulation for high
thrust coefilcients.- 4 lImitacion in the theory &as pre-
sented thus far 1s thce fact previously noted that the
results are vallé only at low thrust coefflclents. In
the acceleratlion-potsntlal formulatlon, the source of
thls limitation occurs 1n the assumptlion that the ver-
turbation velocltles are sirull comrared wlth the free-
atream velocity; in che tralllinzy vortex formulation, the
lirmiltatlon occurs in the easwsvtions that the slipstream
tundergoes no contraction and that it travels drwnstream
In the free-stream direction. 7Thno theory of the vortex
formulation may be mddifled to glve greuter accuracy ut
h'gh thrust ccefficlentus by eassuiing thut the slinstreem
is deflected {owawerd fron She free stream by a constant
finlte angle €. The aownwash ansle ln the ultimate
yalke €z may te cetermired by a simple calculaticn and xay be

taken as the value of €. Since, howsver, the maximua
inflvence 1s exerted by the tralling vortices Jjust behind
the proneller, it might be more accurate to Lse as the
vulue of € the downwash angle Lumediately hehind the
propeller, which i1s aoout one-hall of ey. The 1ntegration

1s then rerrformed in the directlion of the tralling vortex
sheet rather tran 1in the free-streoam direction, tae direc-
tlon of ths X-axis (flg. 10). If the X{-axls and the
Z-axls are rotated through an angle € &about the Y-axis
to form a new set of cooralnute axes (X, Y, Z), the
integration in the direction of the slipstream is 1lntegra-
tion along the X-axls of the fleld of a coil mskiag an
angle a - 57.3¢ (in deg)with the Z axis.(3ee fiz. 10.)
The comnonents of the nerturbatlon veloclty parallsl to
the N-axis and the Z-axls can be obtained from the results
presented in “igures L. to 9 for the horizorntal and
vertical perturbation velocltles for the angle a - 57.3¢.
From the x- and z-components of the perturbation velocilty,
the x- and z-components may then be found by & slnple
calculation.
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Calculation of slipstream downwash anzle.- The down-
wash angle ¢> may be calculated by equating the compo-
nents of the propeller thrust parallel and normal to the
free stream to the corresvonding components of the rate
of change of momentum of the alr flow. When the normsl
thrust-momentum equation is set up, care must be exercilsed
to include the momentum of the flow about the slipstream;
that is, the momentum of lts virtual mass (references 8
snd 9). The normal thrust-momentum equation therefore is

7
57‘.15 = M(V + up)e, + MVep (1)

where M 1s the mass rate of flow across the propeller
disk, and u2 1ls the velocity increment in the slipstream

In the ultimate wake. The term M(V + uy)e, of equa-

tion (1L) is the vertical momentum in the slipstream; the
term ¥Vep, 18 the vertical momentum of the virtual mass

of the slinstream. The thrust is glven by the equation
T = My (15)

Substitution of equation (15) in equation (1l) gives

Q
57 .3¢p = EEE%_EV (16)

In order to apply equation (16) the value
—
8w,
u2=V l+T-l (17)
derived from the momentum theory of the propeller with

no inclination (reference 6) may be used.

In oractice, the correction angle ¢ 1s very small.
For example, if a = 10° and T, = 0.2, equation (17)

becomas

J
uz—v<V1+§-’iF9-£-1\

/
0.228v

u2
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and, conssguently, equation (16) becomes

0.228v x 10
. = =
ST-3¢3 = 5228y + av =t

which gives for € a value of

radlan x 0.5°

EF@ECT JP PUSHER PROPELLER ON LIFT
AND PITCHING MOMENT OF WING

The 1ncremental horizcntal and vertical velocitles
indnced hy a pusher nropeller may be expected to cause an
*acrease in the 1ift =f the wing (referevce 1) and a
Cocrease in tle pltchling moment, fnuasmuch £s thnese incre-
nental veloclties Increase towaré the tralling ecge. Tag
results of the present paper indlicate that the lnduced
vertical velocitles (figs. 5 to 9) 1in the reglon directly
ehieur, of the »Hropeller are small in comparlson with the
induced norizontal velocitles (fig. i.). The effect oi
the incduced vertical f'low on the 1lift and pltching mcment
2f the wilng may consequently be exnected to be small in
connarlison with the effect of the induced horizontal flow.
Calculation of the .nagnitudes of the Increments of 1lift
end pltching moment due to the presence ol the pusher
nrodyeller 1s however consldered Impractlcable, lnasmuch
£s (1) the available 1lifting surface theories require a
proialbitlive amount of labor, especially for a flow field
as nonuniform as that in front of a propeller, and
(2) 5he changes wrought by the pressure fleld and veloclty
field of the propeller 1ln the boundary layer, whlch cannot
be taken into account 1n the lifting-surface theory, are
exvected to cause lncrements 1n 1li1ft and moment comparable
wlth the total lncrements due to the presence of the
pusher propeller (reference l1l). It nay be concluded,
then, that further work both to clarify the physlcal
nhenomena and to Improve the computational methods willl
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be required before the effect of the propeller on the.
wing can be accurately predicted.

Langley Memorial Aeronsutlical Laboratory
National Advisory Comlttee for peronsautics

Langley Fisld, Va.
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TABLE I

COMPARISON OF COMPUTED VALUES OF w! AND MEASURED VOLTAGE E

[a =900 +=0; z=0]
(raﬁii) Lowe | E K =vw'/E

2.0 0.0i:4:11 i 0.0%225 1.367
2.5 .02593 i .0189); 1.363
3.0 .01650 .02230 1.371
z.5 01184 | .00855 1.384
l..0 .00872 .006L0 1.363
l..5 i .00661 H .opugo 1.354

Average value of X = 1.366

NATIONAL ADVISORY
CORMITTEE FOR AERONAUTICS
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Figure l.- Orientation of axes and locatlon of measuring planes.
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Radial adrstance from center of propeller, radn

Fig. 4 : NACA ARR No. L6AO5D
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Fig. 5b NACA ARR No. L6AO5D
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Figure 10.- Downwash behind inclined propeller.
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